We consider the zeros of the solution 0 α (t) = E α (−t α ), 1 < α < 2, of the fractional oscillation equation in terms of the Mittag-Leffler function, and give a wholly and clarified description for these zeros. We find that the number of zeros can be any finite number: 1, 2, 3, 4, . . . , not necessarily an odd number. When the number of zeros of 0 α (t) is an even number, 0 α (t) has a critical zero. All of the values of α for which 0 α (t) has an even number of zeros constitute a countable set S. For each α ∈ (1, 2) \ S, 0 α (t) has an odd number of zeros. These results are a supplement and a perfecting for the existed related documents. We also show that the eigenvalue problems are related with the zeros of the Mittag-Leffler functions.
Introduction
The fractional calculus has been extensively applied to various science and engineering problems to describe the memory and hereditary properties of various materials and processes [22, 19, 10, 6, 16, 23, 9, 17, 1, 13] . The solutions of many fractional differential equations are related to an important class of special functions -the Mittag-Leffler functions (with Mathematics
Fractional derivatives and the Mittag-Leffler functions
We recall the definitions of the fractional derivatives and the MittagLeffler functions. For additional details we refer the readers to references as [22, 19, 10, 6, 16, 23, 9, 17, 1, 8, 14, 7, 4] .
Let f (t) be piecewise continuous on (t 0 , +∞) and integrable on any finite subinterval of (t 0 , +∞). Then for t > t 0 , the Riemann-Liouville fractional integral of f (t) of order β is defined as
where β is a positive real number, and Γ(·) is Euler's gamma function. The Riemann-Liouville fractional derivative of f (t) of order α is defined as (when it exists)
Let m ∈ N + and f (m) (t) exist and be integrable on any finite subinterval of (t 0 , +∞). Then the Caputo fractional derivative of f (t) of order α is defined as
α= m,
Another expression of the Caputo fractional derivative is [5, 23, 6, 2] ,
In the sequel, we denote the operator 0 D α t as D α t for short. The Mittag-Leffler function is defined by the series expansion [6, 20, 21, 3, 15, 18, 23, 4 ]
which is analytic on the whole complex plane. We confine z ∈ R and consider the real zeroes of the Mittag-Leffler functions E λ (−z). Obviously E λ (−z) > 0 for all z ≤ 0. Thus the zeroes of E λ (−z), if any, must be positive real numbers.
The values of λ determine if the function E λ (−z) has real zeroes. If 0 < λ ≤ 1, then function E λ (−z) does not have real zeroes. If λ ≥ 2, then the function E λ (−z) has infinitely many real zeroes [3, 5, 24] .
We list two special cases of the Mittag-Leffler functions,
Solution of the fractional oscillation equation
We consider the initial value problem for the following homogeneous fractional relaxation-oscillation equation [5, 6, 15, 18] 
The solution can be expressed by the Mittag-Leffler function [5, 6, 15] 
We introduce the notation
which is the solution of the problem (7) - (8) for the case of c = 1, is called fundamental solution for the problem (7) - (8), and in [5, 6, 15, 18] is denoted by e α (t). Here we adopt a different notation in order to distinguish from the irrational number e.
We note that for the integer-order cases, α = 1, 2, 3, the solution 0 α (t) degenerates to (see [5] )
The Laplace transform of 0 α (t) is
By the inversion formula of the Laplace transform we have
where Br denotes the Bromwich path, i.e. the straight line from
For α not integer,0 α (s) has branch points s = 0 and s = ∞, so we take the negative real axis as a cut and consider the one-valued branch satisfying −π < arg s < π.
The right hand side of Eq. (13) can be expressed as a Hankel contour integral plus the residues, i.e.
with
where the Hankel path Ha( ) denotes a loop constructed by a small circle |s| = with → 0 and by the two sides of the negative real axis, and
where s h are the relevant poles of
with unitary modulus. The relevant poles are only those situated in the main Riemann sheet, i.e. the poles s h satisfying −π < arg s h < π.
In the sequel of this paper, we consider the fractional oscillation case 1 < α < 2, which is the most attracting case. For other cases we can refer to [5] .
In Fig. 1 we display the Bromwich path, Hankel path and the poles s 0 ands 0 for α = 1.5.
From Eq. (15) we derive that with
Since the denominator in Eq. (18) is always positive, K α (r) has the same sign with sin(απ), i.e. K α (r) is negative for the considered case 1 < α < 2. Therefore, f α (t) is increasing towards zero as t → +∞.
For the another part, g α (t), there are precisely two relevant poles,
for our considered case, and both are simple. Calculating the residues we obtain
This function exhibits oscillations with circular frequency ω(α) = sin(π/α) and with an amplitude which exponentially decays with the rate | cos(π/α)|. The monotone part f α (t) has the asymptotic representation [5] 
which stands for the algebraic decay for t → +∞. Hence we also have
From Eq. (14), 0 α (t) exhibits oscillations induced by g α (t) along the monotone curve f α (t). In Fig. 2 we display the superposition of g α (t) and f α (t) to form the solution 0 α (t), and the asymptotic behavior of 0 α (t) for 
The zeros of the function 0 α (t)
In this section, we indicate that the number of the zeros of 0 α (t) can be 2, 4, 6, . . . , does not limit to be an odd number.
For sufficiently large t, 0 α (t) turns out to be permanently negative as shown in (21) 
If 0 α (t) has zeros in some interval I m , where m ≥ 2, then there are exactly two zeros in each left intervals I n , n < m, except for the first interval I 0 , where always one zero. If 0 α (t) does not have zeros in some interval I m , where m ≥ 1, then there do not exist zeros in each right intervals I n , n > m. 0 α (t) has zeros on the interval I n , n ≥ 1, if and only if for some t in this interval, the inequality 2 α e t cos(π/α) cos t sin(
holds.
Only one zero exists for α sufficiently close to 1, and as α → 1 + the zero approaches infinity [5, 6, 15, 18] . By increasing α, more and more zeros arise.
We conclude the following case exists: if there is exactly one value of t in I n , n ≥ 1, satisfying (24) , then 0 α (t) has exactly one zero on this interval, and in this case, 0 α (t) has an even number of zeros in all.
When the number N * of the zeros is an even number, we denote the corresponding value of α by α[N * ], and the greatest zero is called a critical zero.
We demonstrate this procedure numerically for α increasing from 1.4 to 1.649. In Fig. 3 , we plot the curves of 0 1.4 (t), 0 1.422 (t), 0 1.45 (t), 0 1.57 (t), 0 1.6 (t) and 0 1.649 (t). When α = 1.422 . . . , 0 α (t) has a critical zero, and has two zeros in all. Here α = 1.422 . . . denotes α is a number between 1.422 and 1.4229. Throughout this paper we adopt such convention. When α = 1.57 . . . , 0 α (t) has four zeros, and when α = 1.649 . . . , 0 α (t) has six zeros. Table 1 . The values of α for an even number of zeros.
N
In Table 1 we list the values of α when the number N * of zeros of 0 α (t) is an even number and no more than 20. In this case the least and greatest zeros are calculated, where the greatest zeros are the critical zeros. If α satisfies α[2m] < α < α[2m + 2], the function 0 α (t) has 2m +1 zeros, where m = 1, 2, 3, . . . .
When N * = 2m, the critical zero is located in the interval I m , and the critical zero and the value of α satisfy For α → 2, there is an increasing number of zeros up to infinity since 0 2 (t) = g 2 (t) = cos t has infinitely many zeros t = (n + 1/2)π, n = 0, 1, 2, . . . . In order to wholly look into the relationship of the zeros of the function 0 α (t) and the values of α we plot the surface of 0 α (t) as a function of t and α in Fig. 4 . In Fig. 5 we plot the (t, α) coordinate surface and the surface of 0 α (t) above the coordinate surface, where the intersecting lines 
Zeros of the Mittag-Leffler functions and the eigenvalue problems
Since 0 α (t) = E α (−t α ), the curve of E α (−t) is a stretch of that of 0 α (t) along t axis.
The Mittag-Leffler function E α (−t) does not have zeros when 0 < α ≤ 1, has infinitely many zeros when α ≥ 2, and has finite many zeros when 1 < α < 2. It is obvious that t * is a zero of E α (−t) if and only if t 1/α * is a zero of 0 α (t).
We consider the eigenvalue problem for the fractional differential equation, i.e. the boundary value problem
As α = 2, this BVP has the eigenvalues λ n = (nπ − 
From the boundary condition u(1) = 0, we obtain that λ n is an eigenvalue of the BVP, (26) and (27), if and only if E α (−λ n ) = 0, i.e. λ n is a zero of the Mittag-Leffler function E α (−t), and the eigenfunctions are u(t) = AE α (−λ n t α ), A = 0.
We have checked that if α = 2 the results of the second-ordered differential equation are obtained.
Conclusions
We consider the zeros of the solution 0 α (t) = E α (−t α ), 1 < α < 2, of the fractional oscillation equation in terms of the Mittag-Leffler function. The number of zeros can be any finite number: 1, 2, 3, 4, . . . . When the number of zeros of 0 α (t) is even, 0 α (t) has a critical zero. All of the values of α for which 0 α (t) has an even number of zeros constitute a countable set S. For each α ∈ (1, 2) \ S, 0 α (t) has an odd number of zeros. We also show that the eigenvalue problems are related with the zeros of the Mittag-Leffler functions.
